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Introduction

A Previous presentations dealt largely with the time-domain analysis
of discrete-time systems.
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Previous presentations dealt largely with the time-domain analysis
of discrete-time systems.

In this presentation, frequency-domain analysis will be introduced as
an extension of time-domain analysis.

As will be demonstrated, the response of a discrete-time system to a
sinusoidal excitation consists of two components: a transient
component and a sinusoidal component.

If the discrete-time system is stable, then the transient component
tends to zero and the sinusoidal component becomes the
steady-state response of the system.

The amplitude and phase angle of the steady-state sinusoidal
response define the frequency response of the system.



Steady-State Sinusoidal Response

A Consider a causal recursive system characterized by the
Nth-order transfer function

N(z) _ Holl,(z - z)
D(z)  TIi(z—p)

H(z) =

Frame # 3 Slide # 7 A. Antoniou Digital Filters — Sec. 5.5.1-5.5.3



A Consider a causal recursive system characterized by the
Nth-order transfer function

N(z) _ Holl,(z - z)
D(z)  [ILi(z-p)

A The response of such a system to a sinusoidal signal of unit
amplitude and zero phase angle that starts at time 0, i.e.,

H(z) =

x(nT)=u(nT)sinwnT

is given by
y(nT) = Z7[H(2)X(2)]



x(nT)=u(nT)sinwnT
y(nT) = 27 H(2)X(2)]

A From the table of standard z transforms, we have

zsinwT

X(z) = Z[u(nT)sinwnT] = 2 orcoswT 1

and if we factorize the denominator, we get

zsinwT
(z—&T)(z—e )

X(z) =



A Using the general inversion formula (see Chap. 4)

1
y(nT) = 2 7{_ H(z)X(z)z" ! dz
and applying the residue theorem, we have

N+-2

y(nT) =u(nT) ) res .—p[H(2)X(2)2" "]
i=1



A If we consider a transfer function with simple poles (for the
sake of simplicity), we have

N(EZ) _ HolI.(z - z)
D(z)  TIMi(z-pi)

H(z) =

and since )
zsinwT

(z—eT)(z — e T

X(z) =

the sinusoidal response is given by

N+2

y(nT)=u(nT) Z res z:pi[H(z)X(z)z"*l]



N+-2
y(nT) = u(nT) ) res .—p[H(2)X(2)2" "]
i=1
or

N
y(nT) = u(nT) {ZX pltres ,_p H(2)
i=1
1 , , . ,
_i_?[H(eij)ejwnT _ H(e—JwT)e—anT]}
J
where the first two terms are the residues of H(z)X(z)z"~! at the
poles of X(z) and the terms under the sum are its residues at the
poles of H(z).



A The sinusoidal response of a system can thus be expressed as
a sum of two components, i.e.,

y(nT) = yrr(nT) + §(nT)

where

N

yrr(nT) = 3 X(p)p!~res o H(2) (A)
i=1

§(nT) = zlj[H(eMefwnT — H(e#T)e T] (B)



Sinusoidal Response cont'd

A If we express pole p; in the exponential form p; = r;e/¥i, then

plp—l _ rin—lej(n—l)w,-
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Sinusoidal Response Cont'd

A If we express pole p; in the exponential form p; = r;e/¥i, then

p;w—l _ rin—lej(n—l)w,-

A If the system is stable, then r; < 1fori=1,2,..., N and
hence

lim p?~t = lim [ri"_lej(”*l)w"] —0
n—oo n—oo
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Sinusoidal Response Cont'd

N

yr(nT) = ZX(pi)plp—lres 2=pH(Z) (A)
i=1

lim plf’_l = lim [rin_lej(”*l)i/’i] 0

n—o00 n—o00

A Consequently, Eq. (A) gives

N
. . —1
lim yrr(nT) = n'ggoz;X(pf)p,-” res z—p,H(z) = 0
=

i.e., yrr(nT) is a transient component which tends to zero as
n — oo if the system is stable.
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Sinusoidal Response cont'd

A Hence the steady-state response of the system can be
obtained as

o — _i jwTYy jwnT —jwTy,—jwnT
FnT) = Jim y(nT) = 2_[H(eT)eT — H(e i T)ei=rT
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A Hence the steady-state response of the system can be
obtained as )
§(nT) = lim y(nT) = —[H(*T)e*"T — H(e*T)ewnT]
n—o0 2j

A If we now let H(e/T) = M(w)e/’“) where
M(w) = |H(&“T)| and O(w) =arg H(e™T)

straightforward manipulation (see textbook) will show that
M(w) is an even function and 6(w) is an odd function of w,

i.e.,
M(—w) = M(w) and 6(—w) = —0(w)



y(nT) - nll—>mooy(nT) - %[H(eij)ejwnT - H(eiij)efjwnT]
where M(w) = |H(&“T)|, 6(w) = arg H(e*T)

and M(—w) = M(w), 0(—w)=—0(w)
Therefore, the steady-state sinusoidal response can be expressed as

F(nT) = % (M) T — M(o)e 7))

1
2j
= M(w)sinfwnT + 6(w)]

- M) [ej[wnT+0(w)] _ efj[wnTJrG(w)]]

i.e., y(nT) is a sinusoidal component with amplitude M(w) and
phase angle 8(w).



A Summarizing, the steady-state response of an N-order
discrete-time system to a sinusoidal signal with unit amplitude
and zero phase angle is another sinusoidal signal of the form
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A Summarizing, the steady-state response of an N-order
discrete-time system to a sinusoidal signal with unit amplitude
and zero phase angle is another sinusoidal signal of the form

lim y(nT)=y(nT)= M(w)sinjwnT + 6(w)]

nT—o0

which has an amplitude and phase angle
M(w) = [H(e“T)| and 0(w)=arg H(eT)
respectively.

A In effect, a discrete-time system will multiply the amplitude of
a sinusoidal input by M(w) and increase its phase angle by
O(w).



Sinusoidal Response Cont'd
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y(nT) ‘H”‘ f [ HH‘I
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M(w) = |H(ej“’T)| and f(w) =arg H(ej”T)
M(w) is said to be the gain of the system at frequency w.

In digital filters, M(w) can vary over many orders of
magnitude and is often expressed in decibels (dB) as
20 log M(w).

O(w) is said to be the phase shift of the system at frequency
w.

It is measured in degrees or radians.
As a function of w, M(w) is said to be the amplitude response.

As a function of w, f(w) is said to be the phase response.



Sinusoidal Response Cont'd

A The function ' '
H(e“T) = M(w)e?®)

which includes the amplitude response M(w) and phase
response 6(w) as components is said to be the frequency
response of the system.
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Physical Interpretation

A The frequency spectrum of a signal x(nT) whose z transform is
X(z) is given by X(e/“T) (see Chap. 4).
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A The frequency spectrum of a signal x(nT) whose z transform is
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response of the system.
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The frequency spectrum of a signal x(nT) whose z transform is
X(z) is given by X(e/“T) (see Chap. 4).

As was stated in the previous slide, H(e/“T) is the frequency
response of the system.

Since H(z) is the z transform of the impulse response, h(nT), it
follows that H(e/“T) is also the frequency spectrum of the impulse
response.

Since

Y(z) = H(z)X(z) or Y(&“T)=H(“T)X(e*T)
we conclude that the spectrum of the output signal is equal to the
frequency response (or the spectrum of the impulse response) of the
system times the spectrum of the input signal.



Evaluation of Frequency Response

A The previous slides have shown that the frequency response of
a discrete-time system can be obtained by letting z = /7 in
the discrete-time transfer function H(z).
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A The previous slides have shown that the frequency response of
a discrete-time system can be obtained by letting z = /7 in
the discrete-time transfer function H(z).

A This amounts to evaluating the transfer function on the unit
circle |z| =1 of the z plane.



A The previous slides have shown that the frequency response of
a discrete-time system can be obtained by letting z = /7 in
the discrete-time transfer function H(z).

A This amounts to evaluating the transfer function on the unit
circle |z| =1 of the z plane.

A If we let z = &/“T in the transfer function

_ HoITN (2 — z)™
Y1 (z = pi)m

H(z)

we obtain

() _ Ho [T, (&7 —z)™
[T (e = pj)m

H(e“T) = M(w)e



N jw m;
@) _ HoIlis (T —z)™
[T, (T = pi)ni
A By letting &7 — z; = M, e/¥s and &7 — p; = M), /%%
_ |Hol T, Mgy (®)
- N n;
Hi:l Mpf
N N
O(w) = argHo + > mih;, — > nity, (©)
i—1

i=1

H(e“T) = M(w)e’

we get /\/I(w)

where arg Hyp = 7 if Hp is negative and is zero otherwise.



The gain and phase shift of a discrete-time system at a specified
frequency w can be determined graphically through the following
procedure:

1. Mark the zeros and poles of the system in the z plane.
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. Draw m; complex numbers from each m;th-order zero of H(z)
to meet complex number &7 on the unit circle.



The gain and phase shift of a discrete-time system at a specified
frequency w can be determined graphically through the following
procedure:

1. Mark the zeros and poles of the system in the z plane.
2. Draw the unit circle.

3. Draw the complex number e/ T

4

. Draw m; complex numbers from each m;th-order zero of H(z)
to meet complex number &7 on the unit circle.

5. Draw n; complex numbers from each n;th-order pole to meet
complex number &7 on the unit circle.



Graphical Procedure cont'd

6. Calculate the gain M(w) using Eq. (C), i.e.,

|H0’HI 1 Mm,

M) ==
i=1 "'pi
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6. Calculate the gain M(w) using Eq. (C),

M(w) = .
HI:]. Mpll

7. Calculate phase shift §(w) using Eq. (D),

N
O(w) =argHo+ Y _ mitpy, —
i—1

ie.,

‘HO, HI 1 Mml

i.e.,

N

Z ni¢Pi

i=1



6. Calculate the gain M(w) using Eq. (C), i.e.,

H, M
M(w) = ‘()’HI—Im (B)
H/:l MPi
7. Calculate phase shift §(w) using Eq. (D), i.e.,
N N
O(w) =argHo+ Y _ mitbz, — > nithy, (€)
i=1 i=1

A The amplitude and phase responses of a system can be
determined by repeating the above procedure for frequencies
W= wi, Wy, ... inthe range 0 to 7/ T.



Graphical Procedure cont'd

A Frequency response of second-order system:

jimz z plane
B
M,
. M, Ve,
¥p, 1 M 2
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Graphical Procedure cont'd

A Point A corresponds to zero frequency.

jimz z plane
B
M,
c M, vz
Yp, 1 M. 21
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Graphical Procedure cont'd

A One complete revolution from point A in the counterclockwise sense
back to point A corresponds to Aw = ws =27/ T.

jomz z plane
B
M,
. M,
- 1//2\
1
¥p, A 2
Py
c pz/ of A
Rez
v,
P2 ‘/lzz
P2 P4
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Graphical Procedure cont'd

A One complete revolution from point A in the counterclockwise
sense back to point A corresponds to Aw = ws =27/ T.

Frame # 25 Slide # 47 A. Antoniou Digital Filters — Sec. 5.5.1-5.5.3



Graphical Procedure cont'd

A One complete revolution from point A in the counterclockwise
sense back to point A corresponds to Aw = ws =27/ T.

A Since T is the period between samples, ws is called the
sampling frequency in rad/s.
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Graphical Procedure cont'd

A Point C corresponds to frequency /T = %ws which is
commonly referred to as the Nyquist frequency.

jamz z plane
B
M
D1 M, wz!
¥p, 1 M 2
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Periodicity of Frequency Response

A If T is rotated k complete revolutions, the values of M(w) and
6(w) will obviously remain unchanged and so

H(ej(erkws)T) — H(eij)

jimz z plane
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Periodicity of Frequency Response cont'd

H(ej(w—i-kws)T) _ H(eij)

A We conclude that the frequency response of a discrete-time
system is periodic with period ws.
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Periodicity of Frequency Response Cont'd

A The periodicity of the frequency response can be visualized by
considering the z plane as a Riemann surface of the form illustrated
below. (See Appendix for details.)

20

zaxis
)

10

20
1.0
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Periodicity of Frequency Response Cont'd

A The periodicity of the frequency response can be viewed from a
different perspective by examining the discrete-time sinusoidal signal

x(nT) = sin[(w + kws)nT]
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A The periodicity of the frequency response can be viewed from a
different perspective by examining the discrete-time sinusoidal signal

x(nT) = sin[(w + kws)nT]
A Using simple trigonometry, we can show that
x(nT) = sinwnT cos kwsnT + coswnT sin kwsnT
= sinwnT cos (k . 2% . nT) 4 coswnT sin (k . 2% . nT>

= sinwnT cos2knm + coswnT sin 2knm

= sinwnT
that is

x(nT) = sin(wnT + kwsnT) = sin(wnT)



Periodicity of Frequency Response Cont'd

x(nT) = sin(wnT + kwsnT) = sin(wnT)

A In effect, sin(wk + ws)nT and sinwnT are numerically
identical for any k, and if the two signals are applied at the
input of a discrete-time system, they will produce the same
response.
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This slide concludes the presentation.
Thank you for your attention.



