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Introduction

m The Newton algorithm described in the previous presentation
is the basis of many other optimization algorithms such as the
Gauss-Newton algorithm and the family of conjugate-
directions algorithms.
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Introduction

m The Newton algorithm described in the previous presentation
is the basis of many other optimization algorithms such as the
Gauss-Newton algorithm and the family of conjugate-
directions algorithms.

m These algorithms possess certain advantages for certain
applications depending, for example, on the characteristics
and size of the problem to be solved.
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m The Newton algorithm described in the previous presentation
is the basis of many other optimization algorithms such as the
Gauss-Newton algorithm and the family of conjugate-
directions algorithms.

m These algorithms possess certain advantages for certain
applications depending, for example, on the characteristics
and size of the problem to be solved.

m A specific family of algorithms derived from the basic Newton
algorithm, the family of quasi-Newton algorithms, have
certain unique features that make them very suitable for the
design of recursive digital filters.



Introduction cont'd

m Quasi-Newton algorithms offer a number of important
advantages as follows:

They do not require the second derivatives of the function.
There is no need to invert an n x n matrix.

There is no need to check an n x n matrix for positive
definiteness.

Can be used with inexact line searches which lead to improved
efficiency.

They offer fast convergence.
Are robust.
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m Quasi-Newton algorithms offer a number of important
advantages as follows:
— They do not require the second derivatives of the function.
— There is no need to invert an n X n matrix.

— There is no need to check an n x n matrix for positive
definiteness.

— Can be used with inexact line searches which lead to improved
efficiency.

— They offer fast convergence.
— Are robust.
®m The underlying principle in these algorithms is to generate a

matrix S on the basis of successive gradient evaluations, which
becomes the inverse Hessian under certain ideal conditions.



Introduction Cont'd
m Consider a function of n independent variables, f(x), and let the

gradients of f(x) at points X, and xx+1 be gx and g1, respectively.
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Introduction cont'd

m Consider a function of n independent variables, f(x), and let the
gradients of f(x) at points X, and xx+1 be gx and g1, respectively.

B The gradient of a function is obviously another function.

So if we let
Xk41 = Xk + O
then the Taylor series gives the elements of gx.1 as

n

Oum I Pgim
Bkt ym = Bkm+ D Ek 5ki+§zzi5ki6kj+o(”5“§)
i—1 i=1 j=1

Bxk,- axk ;axkj

form=1,2...,n
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Introduction cont'd
0
8(k+1)m = gkm"'z Bk
f

n

0 gkm
kit 2226 & 5k15k1+°(||5||2)

m If f(x) is a quadratic function, the second and higher derivatives of
and higher derivatives of gy, are zero

(x) are constant and zero, respectively, and as a result the second
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Introduction cont'd
8(k+1)m = Bkm -I-Z

n

O8km 9% 8im
&k i+ 2223 Bk ity + o (I1815)

and higher derivatives of gy, are zero
B Thus we get

m If f(x) is a quadratic function, the second and higher derivatives of
(x) are constant and zero, respectively, and as a result the second

n
0% fy
8(k+1)m = km T Z 3in3ka6ki for m=1,2
or
8(k+1)m

gk + Hoy
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Introduction cont

g(k+1)m = 8k + Hok
B The above relation can be expressed as

Yk = Hdy
where Ok = Xpq1 — Xk
and Yk = Bk+1 — Bk
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g(k+1)m = 8k + Hok

B The above relation can be expressed as

Yk = Ho,
where Ok = Xpp1 — Xk
and Yk = 8k+1 — 8k

B If v, and dy are known, a certain amount of information is available
about the Hessian is available.
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Introduction cont'd

Yk = Ho
m If we let xg, X1, ..., Xp—1 be a series of points such that the
changes
8o =x1 — X0, 01 =X2 — X1, ..., Op_1=Xp— Xp_1

are linearly independent, then
Yo = H(soa T = Hala ceey Yn—1 = Hé, 1

or
[Yo M .- Y1) =H[6 61 -+ p1]
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Introduction cont'd
T eom -

Yo-1] =H[do &1
m Solving for H, we get

6n—1:|
H=[v m

Yn-1][60 &1 On—1] !
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Introduction cont'd

[vo 71 .. 1] =H[6o &1 -+ 6n_1]
m Solving for H, we get

-1

H=[vo m - ~n-1)[60 61 - dn1]

m The solution exists because the changes in x have been
assumed to be linearly independent and, therefore, matrix
[60 01 -+ d,—1] is nonsingular.
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Introduction cont'd

[vo 71 .. 1] =H[6o &1 -+ 6n_1]

m Solving for H, we get

H=[v m - ~1][d0 & - 5:1—1]_1

m The solution exists because the changes in x have been
assumed to be linearly independent and, therefore, matrix
[60 01 -+ d,—1] is nonsingular.

m In effect, we can eliminate the need for the second derivatives
by calculating the Hessian using the values of n successive
gradients and n successive linearly independent changes in x.
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(Yo M ... A1l =H[d b1 -+ 8]

m Solving for H, we get

H=[v m - ~1][d0 & - 5,7—1]_1

m The solution exists because the changes in x have been
assumed to be linearly independent and, therefore, matrix
[60 01 -+ 8,-1] is nonsingular.

m In effect, we can eliminate the need for the second derivatives
by calculating the Hessian using the values of n successive
gradients and n successive linearly independent changes in x.

m This idea is implemented in the next algorithm.



Alternative Implementation of Newton Algorithm
1. Input xgo and e.
Set k =0.

Input a set of n linearly independent vectors dg, d1, .

3001
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Alternative Implementation of Newton Algorithm

1. Input xgo and e.

Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.
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Alternative Implementation of Newton Algorithm

1. Input xgo and e.

Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.
3. Fori=0to n—1do:
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Alternative Implementation of Newton Algorithm

1. Input xgo and e.

Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.

3. Fori=0to n—1do:
a. Set X(i+1) = Xki + 9.
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Alternative Implementation of Newton Algorithm

1. Input xgo and e.

Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.

3. Fori=0to n—1 do:
a. Set X(i+1) = Xki + 9.
b. Compute gy (it1)-
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Alternative Implementation of Newton Algorithm

1. Input xgo and e.

Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.

3. Fori=0to n—1 do:
a. Set X(i+1) = Xki + 9.
b. Compute gy (it1)-
c. Set ki = 8k(i+1) — Bki-

u}
)]
1
n
[

na
Frame # 9 Slide # 23

A. Antoniou Digital Filters — Secs. 16.4-16.6



Alternative Implementation of Newton Algorithm

1. Input xgo and e.
Input a set of n linearly independent vectors dg, d1,...,0,_1.
Set k= 0.

2. Compute go.
3. Fori=0to n—1 do:
a. Set X(i+1) = Xki + 9.
b. Compute gy (it1)-
c. Set Yki = 8(i+1) — 8ki-
4. Compute

Ho=[vo Y1 - Yp-y][do 61 - 5n—1]_1

If Hy is not positive definite, force it to become positive
definite.
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Alternative Implementation of Newton Algorithm Cont'd
5. Determine S, = H;l.
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Alternative Implementation of Newton Algorithm Cont'd

5. Determine S, = H;l.

6. Set dy = —Skgko and find ay, the value of o that minimizes
f(xko + avdg), using a line search.
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Alternative Implementation of Newton Algorithm Cont'd

5. Determine Sy = H;l.

6. Set dy = —Skgko and find ay, the value of o that minimizes
f(xko + avdg), using a line search.

7. Set X(41)0 = Xko + akdy and compute f,11y0 = f(X(k41)0)-
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Alternative Implementation of Newton Algorithm cont'd

5. Determine Sy = H;l.

6. Set dy = —Skgko and find ay, the value of o that minimizes
f(xko + avdg), using a line search.

7. Set X(41)0 = Xko + akdy and compute f,11y0 = f(X(k41)0)-

8. If ||akdk||2 < g, then output X = X(k+1)0r f(S(/) = f(k—l—l)Ov
and stop.

Otherwise, set k = k 4+ 1 and repeat from step 2.
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Alternative Implementation of Newton Algorithm Cont'd
m The algorithm described is essentially the Newton algorithm,
second derivatives.

except that the Hessian is calculated by using n values of ~
and n linearly independent changes in x instead of using the
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m The algorithm described is essentially the Newton algorithm,
except that the Hessian is calculated by using n values of v
and n linearly independent changes in x instead of using the
second derivatives.

E In quasi-Newton algorithms, a matrix S, which serves the
same purpose as the inverse Hessian, is initially assumed to be
the identity matrix, I, and in each iteration an appropriate
correction is made to S which assures that the corrected
matrix is a better approximation of the inverse Hessian while
remaining positive definite.



m The algorithm described is essentially the Newton algorithm,
except that the Hessian is calculated by using n values of v
and n linearly independent changes in x instead of using the
second derivatives.

E In quasi-Newton algorithms, a matrix S, which serves the
same purpose as the inverse Hessian, is initially assumed to be
the identity matrix, I, and in each iteration an appropriate
correction is made to S which assures that the corrected
matrix is a better approximation of the inverse Hessian while
remaining positive definite.

m A generic quasi-Newton algorithm is described next.



Quasi-Newton Algorithms
1. Input xg and €. Set Sg = I, and k = 0. Compute gp.
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Quasi-Newton Algorithms

1. Input xg and €. Set Sg = I, and k = 0. Compute gp.

2. Set dy = —S,gk and find ay, the value of « that minimizes
f(xx + adg), using a line search.
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Quasi-Newton Algorithms

1. Input xg and €. Set Sg = I, and k = 0. Compute gp.

2. Set dy = —S,gk and find ay, the value of « that minimizes
f(xx + adg), using a line search.

3. Set 0k = a kdy and xx41 = Xk + &k, and compute
frr1 = f(Xiq1).

u}
)]
1
n
[

12N Ge

Frame # 12 Slide # 34 A. Antoniou Digital Filters — Secs. 16.4-16.6




Quasi-Newton Algorithms

1. Input xg and €. Set Sg = I, and k = 0. Compute gp.

2. Set dy = —S,gk and find ay, the value of « that minimizes
f(xx + adg), using a line search.

3. Set 6k = ady and xx11 = Xk + &k, and compute
frr1 = f(Xiq1).

4. If ||8,]|2 < &, then output X = X441, f(X) = frp1 and stop.
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Quasi-Newton Algorithms

. Input xg and . Set Sg = I, and kK = 0. Compute gp.

Set di = —S,gk and find ay, the value of « that minimizes
f(xx + adg), using a line search.

Set 0y = akdi and x,1 = Xx + Ik, and compute
frrr = f(Xk41)-

If || 0kl2 < e, then output X = xj11, f(X) = fip1 and stop.

Compute gx11 and set vk = k1 — Bk-
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Quasi-Newton Algorithms

. Input xg and . Set Sg = I, and kK = 0. Compute gp.

Set di = —S,gk and find ay, the value of « that minimizes
f(xx + adg), using a line search.

Set 0y = akdi and x,1 = Xx + Ik, and compute
frrr = f(Xk41)-

If |6x||2 < &, then output X = x41, F(X) = fiy1 and stop.
Compute gk11 and set i = Gk41 — k-

Compute Sx1 = S + Cy.
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N o o ok

. Input xg and €. Set Sg =1, and k = 0. Compute gp.

Set di = —S,gk and find ay, the value of « that minimizes
f(xx + ady), using a line search.

Set §x = o dk and x,11 = Xk + Ik, and compute
ferr = F(Xkt1)-

If || 0kl2 < e, then output X = xj11, f(X) = fip1 and stop.
Compute gx11 and set vk = gk+1 — k-
Compute Sx11 = Sk + Cy.

Check Sk for positive definiteness and if it is found to be
nonpositive definite force it to become positive definite.



N o o ok

. Input xg and €. Set Sg =1, and k = 0. Compute gp.

Set di = —S,gk and find ay, the value of « that minimizes
f(xx + ady), using a line search.

Set §x = o dk and x,11 = Xk + Ik, and compute
ferr = F(Xkt1)-

If || 0kl2 < e, then output X = xj11, f(X) = fip1 and stop.
Compute gx11 and set vk = gk+1 — k-
Compute Sx11 = Sk + Cy.

Check Sk for positive definiteness and if it is found to be
nonpositive definite force it to become positive definite.

Set k = k + 1 and go to step 2.



Quasi-Newton Algorithms cont'd
m In Step 2 a direction vector is generated which is analogous to
the Newton direction.
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Quasi-Newton Algorithms cont'd
m In Step 2 a direction vector is generated which is analogous to
the Newton direction.

m In Step 3 the function is minimized with respect to the line
defined by the direction vector as usual.
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Quasi-Newton Algorithms cont'd

m In Step 2 a direction vector is generated which is analogous to
the Newton direction.

m In Step 3 the function is minimized with respect to the line
defined by the direction vector as usual.

® In Step 5 the next gradient and the difference between the
next and the present gradient, i.e., 7y, are calculated.
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Quasi-Newton Algorithms cont'd

m In Step 2 a direction vector is generated which is analogous to
the Newton direction.

m In Step 3 the function is minimized with respect to the line
defined by the direction vector as usual.

® In Step 5 the next gradient and the difference between the
next and the present gradient, i.e., 7y, are calculated.

m In Step 6, a correction is applied to the current S matrix to
obtain the next S matrix.
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Quasi-Newton Algorithms cont'd
m Several quasi-Newton algorithms are available, which differ

from one another in the formula used to update matrix Sy

in Step 6 of the generic quasi-Newton algorithm presented.
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m Several quasi-Newton algorithms are available, which differ
from one another in the formula used to update matrix Sy
in Step 6 of the generic quasi-Newton algorithm presented.

m The two most important updating formulas are the
Davidon-Fletcher-Powell (DFP) formula in which

5k B SkYkY/ Sk
v Ok Y7 Skvk

Sit1 =Sk +

and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula in
which

'S 5,07 (8, Sk + Sivid]
Sk+125k+<1+7k kw) KOy (Okvi Sk + Skmicdy )

Yok ) )]« 7 bk



Quasi-Newton Algorithms cont'd

The DFP and BFGS algorithms have the following important
advantages relative to other quasi-Newton algorithms:

m For a quadratic problem, matrix S becomes the inverse
Hessian in n iterations.

Also matrix Sy 1 is positive definite, if Sy is positive definite.

Thus if we start with Sg = I, the positive definiteness of S is
assured throughout the optimization.
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The DFP and BFGS algorithms have the following important
advantages relative to other quasi-Newton algorithms:

m For a quadratic problem, matrix S becomes the inverse
Hessian in n iterations.

Also matrix Sy 1 is positive definite, if Sy is positive definite.

Thus if we start with S¢g = I, the positive definiteness of S is
assured throughout the optimization.

m For a general nonquadratic problem, matrix Siy1 is positive
definite, if Sy is positive definite provided that an exact line
search is used.



Quasi-Newton Algorithms cont'd

m The positive definiteness of Sy11 can also be assured if an
inexact line search is used except that a scalar parameter
associated with these algorithms has to be checked.

If it becomes negative, Sk;1 has to be forced to become
positive definite, e.g., replaced by the identity matrix.
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m The positive definiteness of Sy11 can also be assured if an
inexact line search is used except that a scalar parameter
associated with these algorithms has to be checked.

If it becomes negative, Si1 has to be forced to become
positive definite, e.g., replaced by the identity matrix.

m The DFP and BFGS formulas have very similar mathematical
properties and, in fact, they are related through a principle
known as mathematical duality.

However, experiments carried out by Fletcher have shown that
the use of the BFGS formula tends to lead to reduced
computation.

The reason has not as yet been identified.



Quasi-Newton Algorithms cont'd
®m An important advantage of quasi-Newton algorithms relates

to the fact that they can be used with inexact line searches.
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Quasi-Newton Algorithms cont'd

®m An important advantage of quasi-Newton algorithms relates
to the fact that they can be used with inexact line searches.

m These are low precision line searches that have the unusual
property that their inexactness does not affect the
convergence properties of the quasi-Newton algorithm.

Thus they lead to reduced computational effort.

o (w1 =
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Fletcher's Inexact Line Search

B In each iteration of a typical optimization algorithm, a change is
applied to the most recent value of x, by applying a change a dy

such that
X1 = Xk + ady

where dy is a descent direction.
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Fletcher's Inexact Line Search

B In each iteration of a typical optimization algorithm, a change is
applied to the most recent value of x, by applying a change a dy
such that

X1 = Xk + ady

where dy is a descent direction.

B Then the function
f(Xk_;,_l) = f(Xk + Oédk)

is minimized with respect to parameter a.
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Fletcher's Inexact Line Search
B In each iteration of a typical optimization algorithm, a change is
such that

applied to the most recent value of x, by applying a change a dy

X1 = Xk + ady
where dy is a descent direction.
B Then the function

f(Xk_;,_l) = f(Xk + adk)
is minimized with respect to parameter a.
® In an exact line search, the function is continuously reduced until
Frame # 18 Slide # 54
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In each iteration of a typical optimization algorithm, a change is
applied to the most recent value of x, by applying a change a d
such that

Xyl = Xk +adg

where dy is a descent direction.

Then the function
f(xkt1) = F(xk + avdy)
is minimized with respect to parameter a.

In an exact line search, the function is continuously reduced until
the precise value of a that minimizes the function, &, is obtained.

In an inexact line search, the function is continuously reduced until
a value of « that falls in a specified parametric interval is obtained.



Fletcher's Inexact Line Search cont'd

® Let us assume that function f(xx4+1) has a unique minimum.

Since dy is a descent direction, the function will decrease as
we increase « and it follows that the minimum will be located
over some positive range of « as shown in the figure.

fxp) ——

Se1)
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Fletcher's Inexact Line Search Cont'd
® The linear approximation of the Taylor series for f(xxy1) is of
the form

f(xkp1) = F(xe)+agld, where gld, =

See line A in the figure.

Sx) ——

df (xk + ardy)
da

a=0

i)
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Fletcher's Inexact Line Search cont'd

f(xi41) = F(xi) + agg di
m Similarly, the equation

f(xk41) = F(xi) + pagy di
where 0 < p < 0.5 represents a line whose slope ranges from 0
to O.SgZ—dk depending on the value of p.

See line B in the next slide.
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shown.

Fletcher's Inexact Line Search cont'd
f(xkr1) = fF(xk) + paglde

B Let us assume that line B intersects the curve at « = a as

i)

0
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Fletcher's Inexact Line Search cont'd

® Now consider the equation

ngHdk:angdk where 0 <o <lando>p

fxp) ——

S i)
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Fletcher's Inexact Line Search cont'd
® Now consider the equation

ngHdk:angdk where 0 <o <lando>p

®m This equation defines some point @ = «v; at which the first

function at & = 0 as shown by line C in the figure.
fx) —=

derivative of f(xx+1) is equal to a fraction of the derivative of the

S i)
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Fletcher's Inexact Line Search cont'd
®m Thus the equations

f(xks1) = F(xk) + porgy di
point.

T T
8rr1dk = o g dk
define an interval [a, az] that would bracket the minimum

fxp) ——

Sei1)
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Fletcher's Inexact Line Search cont'd
B By choosing parameters, p and o, the width of interval [ay, ] can
be controlled.
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Fletcher's Inexact Line Search cont'd

B By choosing parameters, p and o, the width of interval [ay, ] can
be controlled.

If a value of « in the range [a1, az], say, ag, is somehow obtained,
the reduction in the function may be deemed to be sufficient and
the line search can be terminated.
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Fletcher's Inexact Line Search cont'd

B By choosing parameters, p and o, the width of interval [ay, ] can
be controlled.

m If a value of « in the range [, an], say, ag, is somehow obtained,
the reduction in the function may be deemed to be sufficient and
the line search can be terminated.

B Value ap can be checked by checking whether the inequalities
F(xks1) < F(xi) + pagy di

and
g/ 1dk > ogldi

are satisfied at point a = «ayg.

If they are satisfied, then a1 < a < ap.
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Fletcher's Inexact Line Search cont'd

B By choosing parameters, p and o, the width of interval [ay, ] can
be controlled.

m If a value of « in the range [, an], say, ag, is somehow obtained,
the reduction in the function may be deemed to be sufficient and
the line search can be terminated.

B Value ap can be checked by checking whether the inequalities

f(xs1) < F(xk) + pagy di

and

gl 1di > ogldi
are satisfied at point a = «ayg.
If they are satisfied, then a1 < a < ap.

B These inequalities are known as the Goldstein inequalities.

o (w1 =
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Fletcher's Inexact Line Search cont'd

S Keg)
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Fletcher's Inexact Line Search cont'd
f(xkp1) < F(xk) + pagldi

m If the first Goldstein inequality is not satisfied at o = «g, then
obviously ag > ap as shown.

fxp) ——

S 1)
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Fletcher's Inexact Line Search cont'd

B In such a case, a better value of « can be deduced by
applying interpolation.

f(x) ——

S X1
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Fletcher's Inexact Line Search cont'd

gl 1dk > ogldk

m If the second Goldstein inequality is not satisfied at o = ay,
then obviously ap < a3 as shown.

S
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Fletcher's Inexact Line Search cont'd

® In such a case, a better value of & can be deduced by
applying extrapolation.

fx) ——

S 1)
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Fletcher's Inexact Line Search cont'd

m Interpolation and extrapolation formulas for use in Fletcher's
inexact line search can be readily deduced by assuming a

quadratic representation for f(xx + avdg) and then finding the
location of the minimum point.

o (w1 =
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Fletcher's Inexact Line Search cont'd

m Interpolation and extrapolation formulas for use in Fletcher's
inexact line search can be readily deduced by assuming a

quadratic representation for f(xx + avdg) and then finding the
location of the minimum point.

m To achieve efficiency, the interpolation information available

for the implementation of Goldstein's inequalities should as far
as possible be used.
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Fletcher's Inexact Line Search cont'd
as follows:

B The interpolation and extrapolation formulas used by Fletcher are
For ag >

_ 2f’
ap =+ (00 — ar)7F/

2[fL — fo + (o — ar)f/]
For ap < a1

= _ (a0 — ar)fy
N ()

where

fi = f(xk + OéLdk)

fo = f(xk + apdy)

and  f/ = f'(xk + ardy) = g(xx + ardy) "dy
and fg = f’(xk + Ozodk) = g(xk + aodk)Tdk
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Fletcher's Inexact Line Search cont'd
A basic inexact line search is as follows:
1. Obtain an estimate of the minimum point ag in some way.
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Fletcher's Inexact Line Search cont'd

A basic inexact line search is as follows:

1. Obtain an estimate of the minimum point ag in some way.

2. Check the first Goldstein condition

F(xip1) < F(xic) + pagy di
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2. Check the first Goldstein condition

3.

Fletcher's Inexact Line Search cont'd
A basic inexact line search is as follows:
1. Obtain an estimate of the minimum point ag in some way.

f(xk1) < F(x) + pagy du
and repeat from Step 2.

If the condition in Step 2 is not satisfied, carry out an interpolation
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2. Check the first Goldstein condition

3.

Fletcher's Inexact Line Search cont'd
A basic inexact line search is as follows:
1. Obtain an estimate of the minimum point ag in some way.

f(xk1) < F(x) + pagy du
and repeat from Step 2.

If the condition in Step 2 is not satisfied, carry out an interpolation
4. Check the second Goldstein condition

T T
8r1dk > o g, di
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2. Check the first Goldstein condition
3.

Fletcher's Inexact Line Search cont'd
A basic inexact line search is as follows:
1. Obtain an estimate of the minimum point ag in some way.

f(xk1) < F(x) + pagy du
and repeat from Step 2.

If the condition in Step 2 is not satisfied, carry out an interpolation
5.

4. Check the second Goldstein condition

giide > o gl di
and repeat from Step 2.
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Fletcher's Inexact Line Search cont'd

A basic inexact line search is as follows:

1. Obtain an estimate of the minimum point ag in some way.
2. Check the first Goldstein condition

F(xi1) < F(xi) + pag( dk

3. If the condition in Step 2 is not satisfied, carry out an interpolation
and repeat from Step 2.

4. Check the second Goldstein condition
gi1dk > ogldi

5. If the condition in Step 4 is not satisfied, carry out an extrapolation
and repeat from Step 2.

6. Output the most recent g and the function value f(ag), and stop.
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Fletcher's Inexact Line Search cont'd

B A practical inexact line-search algorithm would need to initialize o
and p and some other parameters that are required.
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Fletcher's Inexact Line Search cont'd

B A practical inexact line-search algorithm would need to initialize o
and p and some other parameters that are required.

m [t should generate the information required by the Goldstein
conditions and the interpolation and extrapolation formulas.
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Fletcher's Inexact Line Search cont'd

B A practical inexact line-search algorithm would need to initialize o
and p and some other parameters that are required.

m [t should generate the information required by the Goldstein
conditions and the interpolation and extrapolation formulas.

B |n addition, it should deal with unusual circumstances that may
arise in general nonquadratic optimization problems.
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B A practical inexact line-search algorithm would need to initialize o
and p and some other parameters that are required.

®m |t should generate the information required by the Goldstein
conditions and the interpolation and extrapolation formulas.

B |n addition, it should deal with unusual circumstances that may
arise in general nonquadratic optimization problems.

For example, an extrapolation could in principle locate a maximum
point at some negative value of o or it may generate a positive
value larger than the most recent value of aig generated by the
previous interpolation.



B A practical inexact line-search algorithm would need to initialize o
and p and some other parameters that are required.

®m |t should generate the information required by the Goldstein
conditions and the interpolation and extrapolation formulas.

B |n addition, it should deal with unusual circumstances that may
arise in general nonquadratic optimization problems.

For example, an extrapolation could in principle locate a maximum
point at some negative value of o or it may generate a positive
value larger than the most recent value of aig generated by the
previous interpolation.

These are all unreasonable values for aig and should be ignored.
This can be achieved by ensuring that amin < @g < amax Where
Qmin and amax are the values of ag predicted by the most recent
extrapolation and interpolation, respectively.



Fletcher's Inexact Line Search cont'd

Sx) ——

Syer1)
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Fletcher's Inexact Line Search cont'd

m If during an interpolation or extrapolation a value of ag is
obtained in the red regions shown in the previous figure, it is
replaced by a more reasonable value.
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Fletcher's Inexact Line Search cont'd

m If during an interpolation or extrapolation a value of ag is
obtained in the red regions shown in the previous figure, it is
replaced by a more reasonable value.

m A practical implementation of Fletcher's inexact line search as
well as relevant details can be found in the textbook.
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Choice between L, and L., Solutions

m [, solutions are easier to obtain and filters based on these
solutions will reject more signal power in stopbands.

However, the passband error tends to have large peaks near
passband edges, which are undesirable in practice.
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m [, solutions are easier to obtain and filters based on these
solutions will reject more signal power in stopbands.

However, the passband error tends to have large peaks near
passband edges, which are undesirable in practice.

B L, solutions are more difficult to obtain because they require
the application of minimax algorithms which entail much more
computation.

However, they offer the advantage that the approximation
error tends to be uniformly distributed in passbands, i.e., they
tend to yield equiripple solutions such as those obtained with
the elliptic approximation.



Minimax Algorithms

m Minimax algorithms are essentially sequential algorithms that
involve a series of unconstrained optimizations.
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Minimax Algorithms

m Minimax algorithms are essentially sequential algorithms that
involve a series of unconstrained optimizations.

m A representative algorithm of this class is the so-called
least-pth algorithm.
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Least-pth Minimax Algorithm
m Since

Jim Ly(x) = Lao(x) = E ()

lim

py 1/p
K
Z |ei(x)]
p—ro0
where
max  |ej(x)]
1<i<K
it should be possible, in theory, to solve the minimax problem
by minimizing the L, norm for some large value of p, say, 128.
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Least-pth Minimax Algorithm

® Since
K py 1/p

, =~ lei(x)]

lim Lp(x) = Loo(x) = E (x) lim ¢y |25

pmree P | = E (x)
where

E(x)= max  |ej(x)]
1<i<K

it should be possible, in theory, to solve the minimax problem
by minimizing the L, norm for some large value of p, say, 128.

m Unfortunately, that does not work out well in practice because
the Ly norm tends to be badly ill-conditioned.
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Least-pth Minimax Algorithm cont'd

m It turns out that the objective function has many valleys and
ridges as well as multiple minima and locating a good
minimum point would not be easy.

To visualize the situation, think of a problem that involves
only two independent variables and think of the Rocky
Mountains.
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Least-pth Minimax Algorithm cont'd

m It turns out that the objective function has many valleys and
ridges as well as multiple minima and locating a good
minimum point would not be easy.

To visualize the situation, think of a problem that involves
only two independent variables and think of the Rocky
Mountains.

m What the least-pth algorithm does is to obtain a solution for
the Ly norm, which is easy to obtain since the problem is well
behaved.
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Least-pth Minimax Algorithm cont'd

® Then the Ly norm is minimized using the solution obtained for the
L> norm as the initialization.
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Least-pth Minimax Algorithm cont'd

® Then the Ly norm is minimized using the solution obtained for the
L> norm as the initialization.

m Since the L4 problem is similar to the L, problem, the solution of
the L4 problem is most likely to be located in the same locale of the
parameter space as the solution of the L, problem and, thus, it
would be relatively easy to obtain.

na
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Least-pth Minimax Algorithm cont'd

® Then the Ly norm is minimized using the solution obtained for the
L> norm as the initialization.

m Since the L4 problem is similar to the L, problem, the solution of
the L4 problem is most likely to be located in the same locale of the
parameter space as the solution of the L, problem and, thus, it
would be relatively easy to obtain.

m Similarly, the solution of the Lg problem can more easily be obtained

by using the solution of the L4 problem as the initialization, and so
on.
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Then the L4 norm is minimized using the solution obtained for the
L, norm as the initialization.

Since the L4 problem is similar to the L, problem, the solution of
the L4 problem is most likely to be located in the same locale of the
parameter space as the solution of the L, problem and, thus, it
would be relatively easy to obtain.

Similarly, the solution of the Lg problem can more easily be obtained
by using the solution of the L4 problem as the initialization, and so
on.

Is effect, starting with the Ly norm, the problem is repeatedly
modified a little by increasing the value of p and then solving the
problem again using the previous solution as initialization.

This sequential technique enables the algorithm to locate a good
minimum point.



Least-pth Minimax Algorithm cont'd
1. Input Xoand ey and et k=1,p =2, =2, E g = 10%.
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y WK

Least-pth Minimax Algorithm cont'd
1. Input Xoand ey and et k=1,p =2, =2, E g = 10%.
2. Initialize frequencies w1, wo, .

Frame # 42 Slide # 102

A. Antoniou

[
Digital Filters — Secs. 16.4-16.6

12N Ge



Least-pth Minimax Algorithm cont'd
1. Input Xoand ey and et k=1,p =2, =2, E g = 10%.
2. Initialize frequencies w1, wo,

oy WK
3. Using xk_1 as initial value, minimize

K py 1/p
V= E({ > |19t
i=1 | E(x)
where n
E(x)=

max |ei(x)]
with respect to x, to obtain Xx. Set Ek = E(\)f)
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Least-pth Minimax Algorithm cont'd

Input Xo and &, and et k =1,p =2, = 2, E o = 10%.

2. Initialize frequencies wy,ws, ..., wk.

Using X x_1 as initial value, minimize

T

Vi(x) = E(x) Z —
i=1 | E(x)

where

E(x) = max |ei(x)

with respect to x, to obtain Xyx. Set E,= E (}/)

4. If | E k1 — E k] < &1, then output X« and E 4, and stop.
Otherwise, set p = up, k = k+ 1 and go to step 3.
=} [ = E E DA
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Charalambous Minimax Algorithm
m Another popular minimax algorithm is one due to
Charalambous.
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Charalambous Minimax Algorithm
m Another popular minimax algorithm is one due to
Charalambous.

m Like the least-pth algorithm, the Charalambous algorithm is a
sequential optimization algorithm.
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Charalambous Minimax Algorithm

m Another popular minimax algorithm is one due to
Charalambous.

m Like the least-pth algorithm, the Charalambous algorithm is a
sequential optimization algorithm.

m It involves minimizing a function of the form

V(x, A &) = Z Ailpi(x, )1 +Z [6i(x, €)1

ieh ieh
where £ and \; for i = 1,2,..., K are constants and
¢i(x,€) = lei(x)| — &
h = {i:¢i(x,§) >0and \; >0}
L = {i : ¢,-(x,§) >0and )\ = 0}
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Charalambous Minimax Algorithm cont'd

i€l

WA ) = oM R + X 51610 P

ich
m Since the objective function comprises sums of squares of function
oi(x, ), ill-conditioning is less likely to arise in this algorithm.
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Charalambous Minimax Algorithm Cont'd

1 1
W(x A €)=Y Shiloix OF + D Slei(x, )
i€h i€h
m Since the objective function comprises sums of squares of function
oi(x, ), ill-conditioning is less likely to arise in this algorithm.

® Note that ith term \;[¢;(x, £)]? is dropped from the first summation
if \; becomes negative.

This tends to reduce the amount of computation significantly and
renders the Charalambous algorithm more efficient than the
least-pth algorithm.
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V(A=) > A[¢,x§]2+zf[¢,xs

ieh ich
® Since the objective function comprises sums of squares of function
@i(x, ), ill-conditioning is less likely to arise in this algorithm.

® Note that ith term X\;[¢;(x, &)]? is dropped from the first summation
if A\; becomes negative.

This tends to reduce the amount of computation significantly and
renders the Charalambous algorithm more efficient than the
least-pth algorithm.

(See Chap. 16 and references at the end of the chapter for details.)



Improved Minimax Algorithms

m To achieve good results in the minimax algorithms described,
the sampling of e(x,w) with respect to w must be dense.

Otherwise, the error function may develop spikes in the
intervals between sample points during the minimization,
usually near band edges, as shown.
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Improved Minimax Algorithms Cont'd
m This problem is usually overcome by using a fairly large
number of variables.

number of sample points of the order of 5 to 10 times the

For example, if an eighth-order digital filter is to be designed,
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Improved Minimax Algorithms Cont'd
m This problem is usually overcome by using a fairly large
number of variables.

number of sample points of the order of 5 to 10 times the

For example, if an eighth-order digital filter is to be designed,

— the transfer function would involve 17 independent variables
(four per biquadratic transfer function plus one).
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Improved Minimax Algorithms Cont'd
m This problem is usually overcome by using a fairly large
number of variables.

number of sample points of the order of 5 to 10 times the
For example, if an eighth-order digital filter is to be designed,
— the transfer function would involve 17 independent variables
(four per biquadratic transfer function plus one).

— In such a case 85 to 170 sample points may be required which
means that 85 to 170 gain evaluations would be required.
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m This problem is usually overcome by using a fairly large
number of sample points of the order of 5 to 10 times the
number of variables.

For example, if an eighth-order digital filter is to be designed,
— the transfer function would involve 17 independent variables
(four per biquadratic transfer function plus one).
— In such a case 85 to 170 sample points may be required which
means that 85 to 170 gain evaluations would be required.

— A single optimization may necessitate from 300 to 600
function evaluations, and a minimax algorithm may require 5
to 10 unconstrained optimizations to converge.



m This problem is usually overcome by using a fairly large
number of sample points of the order of 5 to 10 times the
number of variables.

For example, if an eighth-order digital filter is to be designed,
— the transfer function would involve 17 independent variables
(four per biquadratic transfer function plus one).
— In such a case 85 to 170 sample points may be required which
means that 85 to 170 gain evaluations would be required.

— A single optimization may necessitate from 300 to 600
function evaluations, and a minimax algorithm may require 5
to 10 unconstrained optimizations to converge.

m That means that we would require to calculate the gain of the

filter some 10° to 10° times, many more if a very selective
filter is required.



Improved Minimax Algorithms Cont'd
m The amount of computation required to carry out a design

and/or the probability of spikes in the error function can be

reduced by using a so called nonuniform variable sampling.
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Improved Minimax Algorithms Cont'd
m The amount of computation required to carry out a design
slides.

and/or the probability of spikes in the error function can be

reduced by using a so called nonuniform variable sampling.

m This technique involves seven steps as detailed in the next few
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Improved Minimax Algorithms Cont'd

1. Define a dense grid of L uniformly spaced sample points @y to &,
over the frequency band of interest, as shown, where L is of the
order of 10 to 20 times the number of independent variables

depending on the application.

These points can be referred to as virtual sample points.

12N Ge
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2. Divide the frequency band of interest into K intervals, where
K = L/10, such that

— intervals ©; and Qx contain just one virtual sample point
each, the left-hand band edge and right-hand band edge,
respectively,

— intervals €, and Q(k_y) contain 5 virtual sample points each,

— intervals Q3 to Q(x_5) contain 10 virtual sample points each.

As will be seen later on, each of intervals 1 and Qx will
carry just one actual sample frequency and, consequently, the
above scheme will lead to a higher density of actual sample
frequencies near band edges where the error tends to be larger
in practice.

Other choices of interval sizes could work out just as well or
better, e.g., 1, 2,5, 11, ..., 11, 5, 2, 1.



Improved Minimax Algorithms Cont'd
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Improved Minimax Algorithms Cont'd

3. Evaluate the error function with respect to the virtual sample
frequencies, 1,02, . ..,0;.

4. For each of the K intervals, find the virtual sample frequency that

yields the maximum error for the interval. Let these frequencies be
wifori=12...,K.

¥ 2, : 2

i
-

o 3
: Qg R —= |
Aw ——|  f=— ; — |<—9K
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Improved Minimax Algorithms Cont'd
5. Using frequencies w; as the actual sample frequencies, i.e., set

w;j=w; fori=1,2,..., K, optimize the objective function.
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Improved Minimax Algorithms Cont'd

5. Using frequencies w; as the actual sample frequencies, i.e., set
w;j=w; fori=1,2,..., K, optimize the objective function.

6. Repeat from Step 4 until convergence is achieved.
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Improved Minimax Algorithms Cont'd

m By applying the nonuniform variable sampling technique before each
optimization, the frequencies at which spikes are beginning to form

are located and are used as the actual sample frequencies in the
next optimization.

o (w1 =
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Improved Minimax Algorithms Cont'd

m By applying the nonuniform variable sampling technique before each
optimization, the frequencies at which spikes are beginning to form

are located and are used as the actual sample frequencies in the
next optimization.

B In this way, spikes are suppressed and the maximum error is reduced.
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Improved Minimax Algorithms Cont'd

m By applying the nonuniform variable sampling technique before each
optimization, the frequencies at which spikes are beginning to form
are located and are used as the actual sample frequencies in the
next optimization.

B In this way, spikes are suppressed and the maximum error is reduced.

B Note that the error function is evaluated with respect to the dense

set of frequencies &1, @y, ..., just once before each optimization
and only the actual sampling frequencies w; = w; for
i=1,2,...,K are used by the optimization.
o = = = = 9Dae
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® By applying the nonuniform variable sampling technique before each
optimization, the frequencies at which spikes are beginning to form
are located and are used as the actual sample frequencies in the
next optimization.

B In this way, spikes are suppressed and the maximum error is reduced.

B Note that the error function is evaluated with respect to the dense

set of frequencies @1, o, ...,0; just once before each optimization
and only the actual sampling frequencies w; = w; for
i=1,2,...,K are used by the optimization.

In this way, the amount of computation required can be reduced by
as much as 50% relative to that required if uniform fixed sampling is
used.



® By applying the nonuniform variable sampling technique before each
optimization, the frequencies at which spikes are beginning to form
are located and are used as the actual sample frequencies in the
next optimization.

B In this way, spikes are suppressed and the maximum error is reduced.

B Note that the error function is evaluated with respect to the dense

set of frequencies @1, o, ...,0; just once before each optimization
and only the actual sampling frequencies w; = w; for
i=1,2,...,K are used by the optimization.

In this way, the amount of computation required can be reduced by
as much as 50% relative to that required if uniform fixed sampling is
used.

In other words, we perform a small amount of computation to tune
the initialization in order to save a lot of computation in performing
the optimization.



Improved Minimax Algorithms Cont'd
m The details of the technique, including a set of formulas that
in the textbook.

implement the segmentation scheme described, can be found
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This slide concludes the presentation.
Thank you for your attention.
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